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ABSTRACT

In this paperwe proposean efficient methodto modelthe amount
of bow hair in contactwith the string in a physicalmodel of a
bowedstringinstrument.

1. INTRODUCTION

Modelsof bow-stringinteractiontypically approximatethe bow-
string contactasa single point. However, the finite width of the
bow is known to have audibleeffects. For example,Mclntyre et
al. [4] obsened “dif ferential slipping” of the bow-string contact
during the sticking phaseof bowed-stringmotion. In differential
slipping,thestringoccasionallyslipson onesideof the bow while
remainingstuckon the otherside (or it could slide briefly in op-
positedirections). The authorsmodeledthe differential slipping
eventsusinga “two-hair” bow, i.e.,abow having only two points
of contact,correspondingo thebow edges.They notedthatideal
Helmholtzmotion requiresthatthe string slopechangefrom pos-
itive to negative during sticking, while the static friction of the
bow-string contactattemptsto preventary slopechangesunder
thebow; this conflict createdifferentialslipping, evenin thecase
of only two bowing points. Differential slipping eventsgenerate
irregular spikesin the force excertedby the string on the bridge,
whichin turn produceaudiblenoise.

More recently Pitterof andWoodhousg6, 7] have developed
a more accuratephysical model of finite-width bow-string con-
tactusingfinite-differenceapproximationsThey shovedthatin a
complex systemsuchasa bowedstring, a point anda finite-width
excitationdo not producethe samekind of behaiour. Sincetheir
techniqueis ratherexpensve for real-timeimplementationthere
remainsa needfor alternatve solutions.

In this paperwe proposean relatively efficient computational
modelof the finite-width bow intendedfor soundsynthesisappli-
cations.Themodelproducedifferentialslippingnoiseasis found
in realbowed-stringinstruments.

2. “CLASSIC” BOW-STRING MODELS

The single-pointbow-string modelis classic,and a review may
befoundin [5]. This modelapproximate®ow-stringcontactata
pointwhich is at a normalizeddistances from the bridge,where
B = 0.5 representshemiddle of thestring. Thebow velocity and
the bow force at the contactpoint aredenotedv, and f;, respec-
tively. At the contactpoint, two physicalvariablesareconsidered:
thefriction force f andthetrans\ersevelocity of thestringv. Fric-
tion andvelocity arenonlinearlyrelatedvia the bow-stringcontact
parameter§9].

Whenthe velocity v, of thebow is equalto that of the string
v, they are“stuck together”, otherwisethey aresliding. The al-
ternatingstickingandsliding phasegive riseto the characteristic
movementof the string (known asthe Helmholtzmotion).

The velocity v at the contactpoint resultsfrom the contribu-
tion of thewavesw;,, andv;, comingfrom the nutandthe bridge
respectiely. In the sameway, two travelling wavesv,,, andv,,
resultingfrom thebow stringinteractionpropagateowardthe nut
andthe bridge. Thenwe canwrite:

vo= v, tu,

= o, t+ Vi,

Thecontributionof thereflectedvavesw;,, andv;, aresummed
atthe contactpoint:

Vp = V4, + Uiy

Bow stringinteractionis representetly system(1):

{7

Oncethis couplinghasbeensolved, the new outgoingwaves
v,,, andv,, arecalculatedoy equationg2a) and(2b):

27 (v— v la
,u,(v(— vp) ) ((1b§ (1)

v = v L 2a
{ oty (29 @)

oy = Vi, t 37 (26)

The modelis describedin Fig. 1, and Fig. 2 presentsts block
structure.

Von=Vip*+f(22)
4“— v ,

Vob=Vintf/(22)

Vob >

Vh=Vin*Vip
f= p(v-vb)
f=2Z(v-vp)

Figurel: Descriptionof the basicbow-stringinteractionmodel.

Vin —» <+— v,

In Fig. 2, f representshe frictional force, while, Hy;(=) and
Hyi(z) arethefilters that modelthe lossesof the left-going and
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Figure2: Block structureof the basicbowed stringmodel.

right-going waves propagatingoward the bridge and the nut re-
spectvely.

=z~ andz~" representhe left-going and right-going delay
linesrespectiely.

This modelallows to reproducethe idealisedHelmholtzmo-
tion, which is the solution of a hypotheticalsystemof a perfect
flexible stringbowedin a singlepointby arigid bow [1].

Thefollowing sectiondescribe$ow to improve this modelto
obtainmorerealisticwaveforms.

3. TOWARD MORE ACCURATE BOWED STRING
MODELS

3.1. Accounting for torsional waves

To refinethe bowed string modelintroducedin the previous sec-
tion, we needto takeinto accounttherphysicaleffects.

The first one consistsof accountingfor the torsionalwaves.
Sincetorsionaldampingis greaterratethantrans\ersaldamping,
includingtorsionalwavesin the modelallows the Helmholtzmo-
tion to establishquicker([2]). For a descriptionof how torsional
wavescanbeincludedin themodel,seege.g.,[5].

3.2. Modeling the stiffnessof the string

A secondmprovementconsistof accountingor stiffnesswhose
mainroleis to disperseghesharpcornerghatcharacterizéheideal
Helmholtzmotion.

As describedn [8], stiffnesscanbe modeledusingallpasdfil-
terswhosecoeficientsare obtainedminimizing the infinity norm
of theerrorbetweertheinternalloop of the stringandthe approx-
imationby thefilter's cascade.

Thesstructureof the moreaccuratanodelof a bowedstringis
representeth Fig. 3.

In Fig. 3, ashefore, f representshe frictional force, while,
H|;(z) and Hyt(z) arethefilters thatmodelthe lossesof the left-
going and right-going trans\ersal waves propagatingtoward the
bridgeandthe nut respectiely.

=~ andz~"* representhe left-going andright-going delay
lines respectiely. In additionto the structureof Fig. 2, Hyy(z)
and Hytr(z) arethefilters that modelthe lossesof the left-going
andright-goingtorsionalwavespropagatingowardthebridgeand
thenutrespectiely.

Moreover, 2" andz~"'" representheleft-goingandright-
goingdelaylines for the trans\ersalwaves,and Ha(z) represent
thecascadef allpasdfilters usedto modeldispersion.

The modeljust describeds ableto simulatethe roundingoff
of the idealisedwaveform by introducingmore dissipatve terms
anddispersie terms.
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Figure 3: Structureof a refinedmodelof a bowed string, which
accountdor torsionalwavesandstiffnessof strings.

In the next sectionwe describehow the modelcanbe further
refinedto accountfor the finite bow width, which is incompatible
with theideal Helmholtmotion.

4. ATWO POINT BOW-STRING INTERACTION MODEL

Sincethe transitionsfrom stick to slip are not instantaneougif-
ferentregionsacrosshe bow may have differentreleaseandcap-
tureevents,anda situationcalled“dif ferential-slippingavents”de-
scribedin [4] canoccur In differentialslipping, bow hairsnear
the bridge may slip backwardrelative to the bow motion, while
bow hairson the nut sidemay slip forward. This processanbe
understoodasthe string “straighteningout” underthe bow asthe
bowing point movesuniformly from oneextreme(capture)o the
other(release).

Helmholtz motion is generallynot disruptedby differential
slipping duein partto the dampingprovided by torsionalstring
motionandthefinite complianceof the bow-hair.

Differentialslippingcancreateaudibleevents especiallywhen
bowing closerto the bridge.

To accounfor differentialslipswe proposeatwo pointmodel
that allows us to simulateefficiently the finite width of the bow.
As shawn in Fig. 4, the bow is in contactwith the stringin two
pointscalledv;,; andwvy,.. Thecontactpoint v, ontheleft sideof
thebow is obtainedsummingthecontributioncomingfrom theleft
sideof the bow, plus a filtered versionof the wave comingfrom
theright side,which is attenuatedby the bow air. The sameis true
for the contactpoint on theright side,denotedby v;,,-, SOwe can
write:

{ on = vi, *he +vs, Vhr = 04, + vi, * Iy 2
whereh, andh; aretwo filters that modelthe right andleft side
attenuatiorrespectiely.

Sotwo bow-stringinteractionshave to be solved,onefor each
sideof thebow, which give two friction valuesas:

{ fi 2Z (vi—vp) (3a) @3)
fi = plw—w)  (30)
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and

\V]

(4a)

{ fr
fr
wheref; and f, representhevaluesof thefriction calculated
at the left andthe right side of the bow respectiely, and v, and
v, representhevelocity attheleft andright contactpoint respec-
tively.
Thisallowsto calculatethenew outgoingvelocitesasfollows:

A ('U,- - vhr)
(v — vp)

_ I
ve, = vy +d (da)
{ = (D) ®)

Von=Vip*+r/(22) Vob=Vin*/(22)

<4— v

on

Vob >

Vin—> Vhr=VintVip™h

fr=(vr-vb)
fr=2Z(Vr-Vhr)

VhITVin™*Vip ¢— v

fl=p(v|-vb)
fl=2Z(v|-vn)

Figure4: Structureof thetwo point bow-stringinteractionmodel

b

5. THE BOW HAIR

Theribbon of bow-hair onaviolin bow consistof approximately
200 hairs, of which normally 50 or so arein immediatecontact
with thestring[7].

Sincethedistancebetweerthe hairsis smallerthanthe wave-
length,we canapproximateahe bow hair asa uniform material.

6. CONVERSION OF PHYSICAL PARAMETERS TO
SAMPLES

Sincethe diameterof anindividual bow hairis about0.2mm, and
no morethan50 hairsarein contactwith the string, the resulting
bow width is aboutl cm. Thismeanghatatanaudiorateof 44100
Hz thenumberof samplesorrespondingo thebow width is given
by (44100/ fo) * /1, whereé representshe width of the bow,
[ is the length of the string (0.69 m) and f, is the fundamental
frequeny of the string. For example,in the caseof a violin G
string,we have fo = 196 Hz, which givesabow of threesamples
in contactwith thestring.

Ontheotherend,aviolin E string (fo = 659 Hz) givesless
thanonesampleof contactarea.

To copewith this problem,we usea multirate model,asde-
scribedin thefollowing section.

7. AMULTIRATE BOW HAIR MODEL

We usedigital fractionaldelays([10, 3]) which allow both afine
tuning of the samplinginstantsandan efficientimplementatiorof
sampleratecorversion.

The outputsamplesarecomputedwith differentdelayvalues,
accordingo thecorrespondingtringthatis played.
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Figure5: Motion of a bowed string with the bow excited at nor-
malizedbow positionof 0.07. Top: basicmodel, bottom: model
thataccountdor the bow width.

For example,we associat¢he standarchudiorateof 44.1kHz
with the G string, which, asexplainedbefore,gives3.26 samples
of full contact.

Having the samenumberof samplesfor the highestviolin
string(i.e.,the E string,at 659Hz), would requirea samplerateof
about140kHz,whichis way above the usualstandards.

On the otherhand,imposinga samplerate of about48 kHz
wouldresultin asinglesampleof bow hair contactwhichreduces
thetwo pointmodelto the singlepointmodel.

Ourcompromiseconsistof choosinga samplerateof 82 kHz
for the E string,which givesabout1.8 sampleof full contactand
allows to excite alsothe higherharmonicsof the string to obtain
brightersonoritieswithout encounteringliasing.

8. SIMULATION RESULTS

Figure 6 shavs the waveformscapturedby the differentmodels
after reachingsteadystate,about4000 samplesfrom the attack,
whenthe Helmholtzmotionis established.

Thesesimulationsshav acello G stringbowedwith aconstant
bow force of 0.2 N anda constanbow velocity of 0.05 m/s. The
bow wasplacedat a normalizeddistancefrom the bridge of 0.1,
where0 representshe bridgewhile 1 representshe nut.

The top figure representhe waveformscreatedby the basic
modelof Fig. 2. Thesecondigure from thetop representtheba-
sic modelwith torsionalwaves. Thethird figureis the modelwith
torsionalwaves and allpassfilters to accountfor inharmonicity
Finally, the bottomfigure representthe modelwith the samefea-
turesasthe previousone,but with the bow width modelincluded.

Noticehow the Helmholtzwaveformis someha more“noisy”
thanin the previous examples. Theseperturbationsesultin au-
dible noise, qualitatively similar to thatin real bowed string in-
struments.Figure5 shavs how the noise-generatedpikesin the
waveformareevenmoreevidentwhenbowing closerto thebridge.
Maintainingthe sameparameterasin Fig. 6, we move the bridge
to anormalizeddistanceof 0.07.
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Figure6: Motion of a bowed string obtainedusingdifferentmod-
els. From top to bottom: basic model, basic model with tor-
sionalwaves,basicmodelwith torsionalvavesandstringstiffness,
modelwith torsionalwaves, string stiffnessandbow width.

9. TILTING THE BOW

Having abow of finite width allows to reproducghe movementof
the playerwhile tilting hisbow simply by changingthe numberof
“bow samples’in contactwith thestring.

Moreover, it is possibleto simulatebowswhosewidthis larger
thanthatof arealinstrumentsimply by increasinghe amountof
sampleghatrepresenthecontactarea.

10. RESULTS AND FUTURE WORK

In this paper we have proposeda methodfor bow width simula-
tion which providesthecharacteristinoiseof bowedstringinstru-
mentsdueto differentialslipping. For the future, we arestudying
waysto improve our two-pointmodeltoward moreaccuratenod-
els,suchasthePitterof-Woodhousenodel,soasto provide higher
realismwhile keepingthe computationakxpenseeasonable.
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